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Abstract. We determine the composition factors of a Jordan-Holder series includ- 
ing multiplicities of the locally analytic Steinberg representation. For this purpose 
we prove the acyclicity of the evaluated locally analytic Tits complex giving rise to 
the Steinberg representation. Further we describe some analogue of the Jacquet 
functor applied to the irreducible principal series representation constructed in 
[OS2] . 



1. Introduction 

In this paper we study the locally analytic Steinberg representation V# for a given 
split reductive p-adic Lie group G. This type of object arises in various fields of 
Representation Theory, cf. [Huml} IDORj . In the smooth representation theory of 
p-adic Lie groups, as well as in the case of finite groups of Lie type, it is related to the 
(Bruhat-)Tits building and has therefore interesting applications |Car[ IDM] ICalj . In 
the locally analytic setting it comes up so far in the p-adic Langlands program with 
respect to semi-stable but not crystalline Galois representation [Br]. More precisely, 
Vg coincides with the set of locally analytic vectors in the continuous Steinberg 
representation which should arise in a possible local p-adic Langlands correspondence. 
Our main result gives the composition factors including multiplicities of a Jordan- 
Holder series for Vg . This answers a question raised by Teitelbaum in [T]. 

Let G be a split reductive p-adic Lie group over a finite extension L of Q p and let 
B C G be a Borel subgroup. The definition of Vg is completely analogous to the 
above mentioned classical cases. It is given by the quotient 



G 
P ■ 

PDB 



where Ip = C an [Gj P, K) is the G-representation consisting of locally L-analytic func- 
tions on the partial flag manifold G/P with coefficients in some fixed finite extension 
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K of L. In contrast to the smooth situation or that of a finite group of Lie type, 
the locally analytic Steinberg representation is not irreducible. Indeed, it contains 
the smooth Steinberg representation Vp = %%j J2pdb^p^ wnere ip — C°°(G/P, K), as 
a closed subspace. On the other hand, Vp has a composition series of finite length 
and therefore the natural question of determining its Jordan-Holder series comes up. 
Morita [MoJ proved that for G = GL 2 , the topological dual of Vp is isomorphic to 
the space of f^-valued sections of the canonical sheaf u on the Drinfeld half space 
X = P 1 \ P 1 (L). In higher dimensions Schneider and Teitelbaum [STlj construct an 
injective map from the space of ^-valued sections of u to the topological dual of Vp. 
However, the natural hope that this map is an isomorphism in general turns out not 
to be correct. In fact, this follows by gluing some results of |Schrj and [O] considering 
the Jordan-Holder series of both representations in the case of GL 3 . 

In order to determine the composition factors of Vp in the general case, we apply 
the machinery constructing locally analytic G-representations (M, V) developed in 
[OS2]. Here M is an object of type P in the category O of Lie algebra representations 
of Lie G and V is a smooth admissible representation of a Levi factor Lp C P (we refer 
to Section 2 for a more detailed recapitulation). It is proved in loc.cit. that J-"p (M, V) 
is topologically irreducible if M and V are simple objects and if furthermore P is 
maximal for M. On the other hand, it is shown that Jp is bi-exact which allows us to 
speak of a locally analytic BGG-resolution. This latter aspect is one main ingredient 
for proving the acyclicity of the evaluated locally analytic Tits complex 

KCA KCA A'CA 

|A\if| = l \A\K\=2 \K\=1 

Here A is the set of simple roots with respect to B and a choice of a maximal torus 
T C B. Hence the determination of the composition factors of Vp is reduced to 
the situation of an induced representation Ip which lies in the image of the functor 
Tp. This leads to the question when two irreducible representations of the shape 
Tp(M,V) with V a composition factor of ip are isomorphic (treated in Section 3). 
It turns out that this holds true if and only if all ingredients are the same. Thus we 
arrive at the stage where Kazhdan-Lusztig theory enters the game. 

Now we formulate our main result. For two reflections w, w' in the Weyl group W, 
let m(w',w) E Z> be the multiplicity of the simple highest weight module L(w ■ 0) 
of weight w ■ G Homi(LieT, K) in the Verma module M(w' ■ 0) of weight w' ■ 0. Let 
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supp(io) C W be the subset of simple reflections which appear in w. Our main result 
is the following theorem in which we identify the set of simple reflections with the set 
A. 

Theorem: For w G W , let I C A be a subset such that the standard parabolic 
subgroup Pi attached to I is maximal for L(w ■ 0). Let Vp^ be the smooth generalized 
Steinberg representation of Lp { with respect to a subset J C I. Then the multiplicity 
of the irreducible representation Fp^L^w ■ 0),t>p') in Vp is given by 

(-l) e{w ' )+lJl m(w',w), 

supp(iu') = J 

and we obtain in this way all the Jordan-Holder factors of Vp . In particular, the 
smooth Steinberg representation is the only smooth subquotient ofVp. Moreover, the 
representation J-"p 7 (L(w • 0),t>p^) appears with a non-zero multiplicity if and only if 
J C supp(w). 

We close this introduction by mentioning that we discuss in our paper more gener- 
ally generalized locally analytic Steinberg representation Vp, as well as their twisted 
versions Vp(X) involving a dominant weight A G X*(T). 

Notation: We denote by p a prime and by K D L D Q p finite extensions of the 
field of p-adic integers Q p . Let Ol be the ring of integers in L and fix an uniformizer 
7r of Ol- We let k L = Ol/(tt) be the corresponding residue field. For a locally 
convex K- vector space V, we denote by V its strong dual, i.e., the K- vector space of 
continuous linear forms equipped with the strong topology of bounded convergence. 

For an algebraic group G over L we denote by G = G(L) the p-adic Lie group of 
L-valued points. We use a Gothic letter g to indicate its Lie algebra. We denote by 
U(q) := U(g ®l K) the universal enveloping algebra of g after base change to K. We 
let O be the category O of Bernstein-Gelfand-Gelfand in the sense of [OS2J. 

2. The functors Tp 

In this first section we recall the definition of the functors Tp constructed in [OS2J. 
As explained in the introduction they are crucial for the determination of a Jordan- 
Holder series of the locally analytic Steinberg representation. 
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Let G be a split reductive algebraic group over L. Let T C G be a maximal torus 
and fix a Borel subgroup BcG containing T. We identify the group X*(T) of alge- 
braic characters of T via the derivative as a lattice in Hornet, K). Let P be standard 
parabolic subgroup (std psgp). Consider the Levi decomposition P = Lp • Up where 
Lp is the Levi subgroup containing T and Up is its unipotent radical. Let Up be the 
unipotent radical of the opposite parabolic subgroup. Let O p be the full subcategory 
of O consisting of {7(g)-modules of type p = Lie P. Its objects are {7({j)-modules M 
over the coefficient field K satisfying the following properties: 

(1) The action of u on M is locally finite. 

(2) The action of I on M is semi-simple and locally finite. 

(3) M is finitely generated as [/(fl)-module. 

In particular, we have O = O b . Moreover, if Q is another parabolic subgroup of G 
with P C Q, then C C p . 

Let Irr ( I) fd be the set of finite-dimensional irreducible (-modules. Any object in O 9 
has by property (2) a direct sum decomposition into l-modules 

(2.1) M= M a 

aelrr(l) fd 

where M a C M is the a-isotypic part of the finite-dimensional irreducible repre- 
sentation a. We let 0\ x be the full subcategory of O v given by objects such that 
all [-representations appearing in (12.1 1) are induced by finite-dimensional algebraic 
Lp-representations. The above inclusion O q C O p is compatible with these new sub- 
categories, i.e. we also have C . In particular, the category contains all 
finite-dimensional g-modules which come from G-modules. Every object in C^ lg has 
a Jordan-Holder series which coincides with the Jordan-Holder series in O. 

Let Rep^' ad (Lp) be the category of smooth admissible Lp-representations with 
coefficients over K. In [OS 2] there is constructed a bi-functor 

T% : Ol lg x Re P r d (L P ) — ► Rep^(G), 

where Rep^(G) denotes the category of locally analytic G- representations with co- 
efficients in K. It is contravariant in the first and covariant in the second variable. 
Furthermore, JFp factorizes through the full subcategory of admissible representations 
in the sense of Schneider and Teitelbaum |ST2] . Let us recall the definition of JFp. 
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Let M be an object of . By the denning axioms (1) - (3) above there is a 
surjective map 

(2.2) <p : U(g) ® u{p) W -+ M 

for some finite-dimensional algebraic P-representation W C M. Let V be a addi- 
tionally a smooth admissible Lp-representation. We consider V via the trivial action 
of Up as a P-representation. Further by equipping V with the finest locally con- 
vex topology it becomes a locally analytic P-representation, cf. |ST4| §2]. Hence 
we may consider the tensor product representation W ®k V as a locally analytic 
P-representation. Let Indp : Rep^(P) — > Rep^(G) be the locally analytic induction 
functor [F§]. Then 

J**(M, V) = Indg(W" ® K Vf 

denotes the subset of functions / G lnd P (W ®k V) which are killed by the ideal 
= ker(0). It is shown in that Fp(M, V) is a well-defined G-stable closed subspace 
of IndpfW' ®k V) and has therefore a natural structure of a locally analytic G- 
representation. Further the above construction is even functorial. If V = 1 is the 
trivial Lp-representation, we simply write Jp(M) instead of Jp(M, 1). The functors 
jFp satisfy the following properties: 

• (exactness) The bi-functor Tp is exact in both arguments. 

• (PQ-formula) Let Q D P be another parabolic subgroup. We suppose that 
Lp G Lq. If V is a smooth admissible Lp-representation, then we denote by 

i Q P {V) = lndp°' Q {V) 

the smooth induced Q-representation. Note that as Lg-representation one has 
the identification i Q P (V) = i L L Q p<UpnLQ) {V). Let M e O q alg C O p alg . Then there 
is the following identity: 

Fp(M, V) — Jq(M, ip(V)). 

• (irreducibility)0 A std psgp P C G is called maximal for an object M E O if 
M G O v and if P is maximal with respect to this property. Let P be a std psgp, 

1 Note that there is the restriction that p > 2 if the root system of G contains a factor of type 
B, C, F4 resp. p > 3 if a factor of type G2 occurs. 
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maximal for a simple object M G O a \ g . Further let V be an irreducible smooth 
admissible Lp-representation, then Fp(M, V) is (topologically) irreducible. 

In [OS2| it is explained how one can deduce from the previous properties of the 
bi-functors Fp the Jordan- Holder series of a representation Fpi (M, V). Let us recall 
this procedure in the case V = 1. The smooth generalized Steinberg representation 
to P is the quotient 

PCQCG 

This is an irreducible G-representation and all irreducible subquotients of zp* occur in 
the shape Vq with Q D P and with multiplicity one, cf. [BoWai Ch. X,§4], |Ca2j . 

Let M be an object of the category 0\ lg . Then it has a Jordan-Holder series 

M = M° D M 1 D M 2 D . . . D M r D M r+1 = (0) 

in the same category. By applying the functor Tp to it we get a sequence of surjections 

Tp(M) P A Fp(M l ) 4 ^(M 2 ) P A . . . ^ J*{W) P A (0). 

For any integer i with < i < r, we put 

qi := Vi°Vi-\ o---o Pl op . 

and set 

F := ker(qi) 

which is a closed subrepresentation of J-'p(M). We obtain a filtration 
(2.3) T- 1 = (0) C J 70 C • ■ ■ C F~ l C F = Ff(M) 

by closed subspaces with 

F/F- 1 ~ F^(M' l /M i+1 ) . 

Let Qi = Li ■ Ui D P a std psgp maximal for M t /M i+l . Then by the PQ-formula, we 

get 

Jp 7 (M7M m ) = J^.(M7M i+1 ,i*). 
where Zp l = i^ n p. We conclude that the representations 
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where R is a std psgp of G with Qi D R D P and v ® l = v^ nR are the topologically 
irreducible constituents of J-g'.(M i /M* +1 , ip l ). By refining the filtration (12. 3 p we get 
thus a Jordan-Holder series of J-"p(M). 

Finally we recall the parabolic BGG resolution of a finite-dimensional algebraic 
G-representation [Le]. Let W be the Weyl group of G and consider the dot action • 
of W on X*(T) given by 

w-x = w(x + p) ~ P> 
where p = \J2 a e$+ a - For a character A G X*(T), let M(A) = £/(g) ®c/(b) K\ be 
the corresponding Verma module. Clearly M(A) is an object of C a ig- We denote its 
irreducible quotient by L(X). Let A be the set of simple roots and $ the set of roots 
of G with respect to a maximal torus TcB. Let 

X + = {A G X*(T) | (A, a v ) > Va G A} 

be the set of dominant weights in X*(T). If A G X + , then L(X) is finite-dimensional 
and comes from an irreducible algebraic G-representation. In this situation, we also 
write V(X) for L(X). 

For a subset / C A, let P = P I C G be the attached std psgp and denote by 

X? = {A G X*(T) | (A, «)>0V«G/} 

be the set of L/-dominant weights. Every A G XJ gives rise to a finite-dimensional 
algebraic /^-representation 

(2.4) Vj(A) = Vp(A). 

We consider V}(A) as a P/-module by letting act Uj trivially on it. The generalized 
(parabolic) Verma module attached to the weight A is given by 

Mi(A) = U(q) ® u(Pi) V}(A). 

We have a surjective map 

M(A) M/(A), 

where the kernel is given by the image of © Q , g /M(s ce • A) — > M(X), cf. [LeJ Prop. 2.1]. 

Let Wi C W be the parabolic subgroup induced by J C A. Consider the set 
l W = Wj\W of left cosets which we identify with their representatives of shortest 
length in W. Let T w be the element of maximal length in I W . If A is in X + and 
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w G I W then w - A G X+, cf. [Lil p. 502]. The /-parabolic BGG-resolution of V(A), 
A G X + , is given by the exact sequence 

M^w • A) ->■ M/(tw • A) -»• . . . 

> M/(w • A) -> Mj(A) ->■ V(A) -> 0. 

We refer to |Le] resp. |Ku] for the definition of the differentials in this complex. By 
applying our exact functor Tp to it, we get another exact sequence 

G- Tp{Mii^w ■ A)) G- J z p(M I (w • A)) G- . . . 

e(w)=i{ I w)-\ 

■ ■ ■ G- j£(M,(w ■ A)) G- J>(M/(A)) G- J-f (y(A)) G- 
which coincides by the very definition of Tp and the PQ- formula with 



(2.5) G- hid$(Vi{ J w ■ A)') G- Ind%{Vi(w ■ A)') G- . . . 

we I w 

■ ■ ■ G- Ind^(Vr(w ■ A)') G- Ind^(V}(A)') G- V(A)' ® K i$ <- 0. 



3. Isomorphism between simple objects 

In this section we analyse when two simple modules of the shape J-'p^M, Vp^), with 
Pj maximal for M and a subset J C I, are isomorphic. This will be used in the next 
section for determining the multiplicities of composition factors of the locally analytic 
Steinberg representation. 

Let's begin by recalling some additional notation of |OS2j . Let Go be a split 
reductive group model of G over Ol- Let T C B C G be C^-models of T and 
B. Fix a std psgp Po and denote by \Jp t o its unipotent radical. Let Up be its 
opposite unipotent radical and denote by L the Levi factor containing T . Let 
Go = Go(Cl) C G, Pq = Po(Cl) = Go H P C P etc. be the corresponding compact 
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open subgroups consisting of Ol- valued points. We denote by I = p 1 (G (A;l)) C G 
the standard Iwahori subgroup where p : Go — > Go(ki) is the reduction map. 

Consider now for an open subgroup H of Go the distribution algebra D(H) : = 
D(H,K) = C1 n (H, K)' which is defined by the dual of the locally convex K- vector 
space C1 n (H,K) of locally L-analytic functions [ST2j . It has the structure of a 
Frechet-Stein algebra. More precisely, for each - < r < 1, there is a multiplicative 
norm q r on the Frechet algebra D(H) such that if D(H) r denotes the Banach algebra 
given by the completion of D(H) with respect to q r , we have a topological isomorphism 
of algebras D(H) ~ lim ^ D(H) r . For the precise definition of a Frechet-Stein algebra 
we refer to loc.cit. We set P# = P fl H and let U(g, Ph) be the subalgebra of D(H) 
generated by U(g) and D(Ph). Let {7(g, P#) r be the topological closure of U(g, Pq) 
in D(H) r . 

The notion of a coadmissible module on a Frechet-Stein algebra is defined in [ST2, 
§3]. If Ai is such a coadmissible P(P)-module, it comes along with a family {q r> M)r 
of seminorms such that if Ai r denotes the completion of Ai with respect to q T ,Mi we 
have Ai — hjn^ Ai r and each Ai r is a finitely-generated _D(if ) r -module. 

Let M be a simple object of C^ lg As such an object is has naturally the structure 
of a U(q, Po)- m odule. By |OS2l Section 4] there is a continuous _D(Go)-isomorphism 

D(G ) ®u( s ,p ) M ~ J"p(M)'. 

Let M = D(H) 

®u($,p h ) M. Then M is a coadmissible _D(if)-module in the above 
sense, cf. [OS21 Prop. 4. 4] and M. r is given by Ai r = D(H) r <S>u(s,p H ) In this special 
case the seminorm q T) M is i n fact a norm. We denote by q r ^u its restrction to M via 
the inclusion M ^ Ai and by M r the completion of M for the norm q r ,M, which we 
may identify with U (q, Ph)t ®u{$,p h ) M. Thus we obtain a U (g, P^) r -equi variant map 
M r — > Ai r giving rise to a P(P) r -equivariant isomorphism 

D(H) r (S>U( S ,P H ) r M r ^ Ai r . 

Thus we get a topological isomorphism 

(3.1) Ai ~ ^ r D(H) r ®U( S ,P H ) r M r - 

Let V be the category of topological [/(t)-modules M whose topology is metrizable, 
which are semi-simple with finite-dimensional eigenspaces and such that the topology 
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can be denned by a family of norms (q r ) r such that 
(3.2) g r (J^ xy) = sup qrixn), 

for x M G My in a decomposition M = MeH om L (tK) ^ n this case ) the completion 
M r of M with respect to the norm q r is given by 

M r = {^^Xfi | q r {Xfj) — > cofinite}. 

A simple consequence of this description is the uniqueness of the expansion ^ x M and 
the fact that (M r ) M = for all \i G Hornet, iT). In particular, the [/(t)-eigenspaces 
of M r are all finite-dimensional. 

Lemma 3.1. As a subcategory of the category of U(t)-modules, the category T> is 
stable under subobjects and quotients and contains all the objects coming from O a i g . 



Proof. A [/(t)-submodule S of an object M in D is clearly contained in T>. In par- 
ticular, we have S = @^ with 5 M = S D M M . Since the eigenspaces M v are 
finite-dimensional, each subspace is closed in M M . It follows that S is closed in 
M. As a consequence the quotient topology on M/S is metrizable. It is given by 
the induced family of quotient norms (q r ) r . We have to check that condition (13.21) is 
satisfied for each such norm q r . For every e > 0, there is an element y = YluVn G S 
such that 

Vr(Y^ x n + S )> Qr(^2 Xy + y)-e 
= supq r (Xy + y M ) - e 
> supg r (x M + 5) - e. 

Hence q r (^2iyXy + S) > sup^ g r (x M + S 1 ). The other inequality is immediate. 

As explained above, if M is an object of a ig> then it has the structure of a 
topological metrizable £/(t)-module. It is a consequence of [Kl Theorem 1.4.2] that 
each module of the form U(g) ®u(b) W ~ U(u~) ®k W, with W a finite-dimensional 
representation of B, is an object of V. But each object of C a i g is a quotient of some 
module of the shape U(g) ®u(b) W, so that we deduce the last assertion. □ 



THE JH-SERIES OF THE LOCALLY ANALYTIC STEINBERG REPRESENTATION 11 

The following statement generalizes |OSl[ Prop. 3.4.8] in the split case and is 
again a consequence of [Fe, 1.3.12]. 

Proposition 3.2. Let M be an object ofT>. 

(i) We have an inclusion preserving bisection 



The inverse map is induced by taking the closure. 

(ii) Let S C M r be a closed U (t) -invariant subspace, S ^ 0. Then S D M ^ 0. In 
particular, any weight vector for the action of t lies already in M. 

Proof. The proof follows by the above discussion and the semi-simplicity of M r . □ 

Let U — Ub be the unipotent radical of our fixed Borel subgroup B C G and let 
u = Lie U be its Lie algebra. Recall that if N is a Lie algebra representation of g, 
then H°(u, JV) = {n e iV | f • n = V f 6 u} denotes the subspace of vectors killed 
by u. This is a [/(t)-module which is an object of T> if iV G O a ig- 

Corollary 3.3. Let M be an object of C a i g . Then H°(u,M r ) = H°(u,M). In partic- 
ular, H°(u,M r ) is finite- dimensional. 

Proof. We clearly have H°(u, M r ) DM = H°(u, M). As H°(u, M r ) is closed in M r by 
the continuity of the action of q and as H°(u, M) is finite-dimensional and therefore 
complete the statement follows by Proposition 13.21 □ 

Let V be additionally a smooth admissible representation of Lp. Below we com- 
pute the first [/-homology resp. [/-cohomology groups of the various representations 
Tp{M, V). More precisely, we denote by H Q (U, J*^(M, V)) the quotient of Jp(M, V) 
by the topological closure of the X-subspace generated by the elements ux — x for 
x G J-p (M, V) and u G U. It is the largest Hausdorff quotient of J-p(M, V) on which 
U acts trivially. 



Lemma 3.4. As Frechet spaces we have H°(u, Fp(M, V)') = F (u,^(M)')® K l/'. 




S 
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Proof. Since the action of u is trivial on V, there is an identification J-p(M, V) = 
Jp(M) ®k V as u- modules. Now we write V = lini^ V n as the union of finite- 
dimensional K-vectoi spaces. Then Jp(M, V) = lim J-'p(M) ®k V n as locally convex 
i^-vector spaces. By passing to the dual we get 

Tp(M, V)' = lim(j£(M) ® K V n )' 

n 

= ]}mJ$(M)'® K (V n y = F2{M)'® K V. 

n 

For the first identity confer |Eml Prop. 1.1.22] resp. [SI Prop. 16.10], the second 
one follows as V n is finite-dimensional, the third one is [Em[ Prop. 1.1.29]. Now, the 
space H°(u, J-'p(My) is the kernel of the map 

d : j£(M)' -> (J* (M)') dimu 

given by v i — y (^v ) where (&) is a basis of u. By the exactness of the tensor product 
— ®x V n and the left exactness of the projective limit, the space H°(u, J r p(M)')^) K V' 
is the kernel of the map d®l : Fg(My® K V' (Jp (M)'®^K') dimu . The result 
follows. □ 



Now we can prove the main result of this section. Until the end of the section we 
will assume as in [OS2J that p > 2 if the root system of G contains a factor of type 
B, C, F 4 resp. p > 3 if a factor of type G 2 occurs. 

Proposition 3.5. Let M be a simple object of O v alg such that P is maximal for M, 
and let V be a smooth admissible representation of Lp. Let A G X*(T) be the highest 
weight of M, so that M ~ L(X). Then there are T-equivariant isomorphisms 

(3.3) H°(U,j¥(M,Vy)=\® K J unLp (V)', 
and 

(3.4) H (U,J*;(M,V)) = \'® K J unLp (y), 

where Judl p is the usual Jacquet functor for the unipotent subgroup U D L P C L P . 

Proof. The underlying topological space of J-p(M,V) is of compact type. As the 
category of locally convex vector spaces of compact type is stable by forming Hausdorff 
quotients, the underlying topological vector space of Hq(U, Tp (M, V)) is reflexive. As 
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H°(U, Tp{M, V)') is the topological dual oiH (U, 7f (M, V)), it is sufficient to prove 
the first isomorphism (13. 3p . 

Let's begin by determining H°(u, (M, V)'). The Iwahori decomposition Go = 
LLoew* IwPo induces a decomposition 

D(G ) ®u( d ,p ) M ~ D{I) ® u{s , Inw Pow-i) M w . 

Here M w denotes the module M with the twisted action given by congugation with 
w. For each w G W 1 , we have 

H°(u,D(I) ® u{B> m w p 0W -i) M w ) ~ H^Adiw-^Diw^Iw) ® u{g , w -i Iw nP ) ®M). 
Now we apply the precedent discussion with H = w~ x Iw. Set n = Ad(^ _1 )u. 

First we consider the case w ^ 1. By |OSl[ Lemma 3.3.2], there is an Iwahori 
decomposition w~ l Iw = (Up fl w~ 1 Iw)(Po fl w^Iw), hence there is by [Kj 1.4.2] a 
finite number of elements u in Up such that D(H) r = <5 U • [/(fj, Pff) r , so that 

A< r ~ 5 U g> M r 

and the action of j G n is given by 

y • <5„ g> m M = <5 M g> (Ad(w _1 )j)m n . 

Now we can find a non-trivial element j; G Up fl Ad(t<; _1 )u = Up fl n. Indeed, the set 
$ _ flw _1 ($ + ) contains an element of <&~\<&J . For that, choose f3 G <3? + \$^ such that 
w~ l (3 G $~. This is possible since w ^ Wj. Then we have u> _1 /3 ^ $7 since iy 7 is 
exactly the set of u> such that w(Q>f) C $ + . Now Ad(w _1 )p G Up" since u G C/p. By 
Corollary 8.5 of [OS2], elements of Up act injectively on M, and arguing as in Step 1 
of the proof of |US2t Theorem 5.1], they act injectively on M r , as well. We conclude 
that J ff (Ad(w- 1 )n,M r ) = and therefore H°(n,M r ) = 0. By identity (ETIJ) . we get 
H°(n,M) = 0. 

Now consider the case w — 1. Again we may write D(I) r = S u U(q, P ) r for a 
finite number of u G ?7p , so that D(I) r ®u(s,p ) r M r = M <$ M ® M r . We will show 
that if u £ U P0 n P )r, then i7°(Ad(M _1 )u, M r ) = 0. Here we will use Step 
2 in the proof of [OS21 Theorem 5.1]. Let M be the formal completion of M, i.e. 
M = FT which is a g-module. The action of u^. can be extended to an action of 
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Up as explained in |OS2i §5]. If j: G Q and u G U p , the action of ad(tt)y on M r is the 
restriction of the composite uo$o u^ 1 on M. As a consequence, we get 

if°(ad(^ 1 )u, M r ) = M r n u- 1 ■ H°(u, M). 

But 

H°(u, M) = H°(u, M) = Kv + = K x 

where v + is a highest weight vector of M. So if if°(ad(ii _1 )u, M r ) 7^ 0, we have 
u~ 1 v + G M r . By the proof of [QS2|, Theorem 5.1], this gives a contradiction if 
u £ Up fl {7 r (fl, -Po)- Hence by using identity (13. II) . we obtain finally an isomorphism 

F°(u, £>(!) ®t; (g ,p ) M) ~ #°(u, M). 

By combining the result above together with Lemma I3.4[ we get thus an isomorphism 

H°{u, Fp{M, V')) ~ #°(u> M) ®^ V' ~ #a ®k V 

Now #°(£7, J*J? (M,V)') is a subspace of H°(u, Jp(M, V)') and this latter one is 
stable by the action of £/. Thus we deduce that 

H°(U, J>(M, V)') = H°(U,H°(u,^(M,V)')) 
= H\U,K X ® K V) 

= k x ® k j unLp (vy. 

□ 

Next we formulate the main result of this section. For this recall that by Lemma 
XA.6 of [BoWa] the smooth induction ip] has Jordan-Holder factors Vp indexed by 
subsets JcA which appear all with multiplicity one. Moreover, by X.3.2, (1) to (5), 
of [Bo Waj . if Z is an irreducible subquotient of ip], then there is a smooth character 
5 of T such that Z is the unique non-zero irreducible subrepresentation of i%(5) and 
5 contributes to Jjj(Z). 

Theorem 3.6. Let L(Xi) and L(X 2 ) be two simple objects in the category O a \ g . For 
i = 1,2, let Pi be a std psgp maximal for L(Aj) and let V\ be a simple subquo- 
tient of the smooth parabolic induction ip} . Then the two irreducible representations 
Tp ' (L(Xi), V\) and J-p 2 (L(X2), V2) are isomorphic if and only if Pi = P2, V\ = V2 and 
X\ = A2. 
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Proof. Suppose that there is a non-trivial isomorphism between the irreducible rep- 
resentations J r p i (L(Ai), V\) and J-p 2 (L(A 2 ), V2). Let <5 2 be a smooth character of T 
such that V 2 > (^2) • By the sequence of embeddings 

J%(L(A 2 ),y 2 ) C J-f 2 (L(A 2 ),^ 2 ((5 2 ))~ jf(L(A 2 ),5 2 ) c Indg(A' 2 <8>* <S 2 ), 

we obtain a non-trivial map J-p (L(Ai), Vi) — > Ind B (A 2 £g> 5 2 ) and by Frobenius reci- 
procity a non-trivial T-equivariant map 

ij Q (c/, j^(m 1s ^)) = a; ®^ -Wp^O a' 2 ® «y 2 . 

It follows that Ai = A 2 and Pi = P 2 . By jBoWal X.3.2.(l)], we know that J UnLpi (Vi) 
is a direct sum of smooth characters of T. By Frobenius reciprocity, these are exactly 
the smooth characters 5 such that V\ is an irreducible subobject of As <5 2 is 

one of them, we can conclude by |BoWaj X.3.2.(4)] that V\ = V 2 . □ 



4. The locally analytic Steinberg representation 



The section deals with the proof of our main theorem. Here we start with the 
proof of the acyclicity of the evaluated locally analytic Tits complex. 

As before let P = Pi be a std psgp attached to a subset I C A. Let 

Ip = #(1) = Ind?(l) 

be the locally analytic (^-representation induced from the trivial representations 1. If 
Q D P is another parabolic subgroup, we get an injection Iq Ip. We denote by 

the generalized locally analytic Steinberg representation associated to P. For P — G, 
we have = Iq = 1. 

The next result is the locally analytic analogue of the classical situations, cf. 
[BoWal Ch.X,4], [EH], [DDE] . 

Theorem 4.1. Lei / C A. TTien t/ie following complex is an acyclic resolution of 
Vp t by locally analytic G -representations, 

(4.1) ->/g-> 1%^ j£ /^/g^v^o. 

JCKCA ICKCA JCXCA 

A\if| = l |A\K|=2 |K\/|=1 
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Here the differentials d K >,K '■ Ip , — > I$ K are defined as follows. For two subsets 
K CK' of A, we let 

. T G , jG 

Pk',k ■ lp K , — > ip K 

be the natural homomorphism induced by the surjection G/Pk — > G/Pk>- For ar- 
bitrary subsets K,K' C A, with \K'\ — \K\ = 1 and K' = {k\ < ... < k r }, we 
put 

'{-lYp K ',K K' = KU{k t } 



d 



K'K 



K (£ K' 



More generally, we will prove a variant of the above theorem. For this, let A e X + 
be a dominant weight. For a std psgp P = Pi C G, we consider the finite-dimensional 
algebraic P-representation Vi(X) = Vp(X) with highest weight A. We set 

J£(A) := Ind^Vp(A)'). 

In particular, we get Iq(\) = V(X)'. If Q C G is another parabolic subgroup with 
P C Q, then there is an injection 

jg(A) ^ i£(A) 

similarly as above for V(A) = 1. More precisely, by the transitivity of parabolic 
induction we deduce that ~ Indg(Ind^(A)). As V Q (\)' is a subobject of Indg(A) 

we get the desired injection. We define analogously as above the twisted generalized 
locally analytic Steinberg representation by 

\/ p G (A) :=/F(A)/^/g(A). 



Theorem 4.2. Let A G X + and let I C A. Then the following complex is an acyclic 
resolution ofVp (X) by locally analytic G -representations, 



(4.2) 0^/g(A)^ i*(A)-> /&(A)->... 

!CKA JCKCA 
|A\K| = 1 |A\K|=2 

J&(A)->ig(A)->Vg(A)->0. 

JCKCA 
|Jf\/|=l 
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Proof. The proof is by induction on the semi-simple rank rk ss (C7) = |A| of G. We 
start with the case |A| = 1. Then the complex (14.21) coincides with 



0^/£(A)^/£(A)^V B G (A)^0 



and the claim is trivial. 



Now, let |A| > 1. We consider for any subset K C A, the resolution (12. 5p : 



<- lnd$ K (V K (w ■ A)') <- lnd G PK (V K (w ■ A)') <- . . . 

£(ui)=f(iD- ftr )-l 

■ ■ ■ <" Ind^(^(^ • A)') <- i£(A) <- 4(A) <- 0. 

e(w)=i 

Here we set ip„(A) := ip ®k VW- We abbreviate for any w G K W and any integer 
z > 0, 

Ip K H :=^ G p k {Vk{w-\)'), 



£(to)=j 



and 



v&(«;) = ig»/ E CW- 

w£ K ' W 



The complexes above induce hence a double complex 
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<g(A) e i g Pk {\) ->...-». e ^(A) i°(A) 



ICKCA ICKCA 
\A\K\ = 1 |if\/| = l 



!CKA ICKCA 
|A\K| = 1 |K\J| = 1 

0^ Jgjl] i*[l] ig[l] 



ICKA ICKCA 
\A\K\ = 1 \K\I\=1 



4- 4- 4 4 

0^ Jgj2] ->...-». I$ K [2] /g[2] 



/CifCA ICKCA 
|A\X| = 1 |K\/| = 1 



4 4 4 



4 4 4 4 

o ->■ o ->■ — > ip K [^!w)-i\ ->■ j^[£( 7 w)- 

ICKCA 
\K\I\=1 

4 4 4 4 

0^0^ ->■ > ->• Ip^w). 



For proving our theorem, it suffices to show that each row, except from the second 
one, is exact apart from the very right hand side. The upper line satisfies this property, 
since it is tensor product of the (generalized) smooth Tits complex by the algebraic 
representation V(A)'. For w G T W, let I(w) C A be the unique maximal subset such 
that w G I ^W and set P w = Pi( w ). Hence it suffices to show the exactness of the 
evaluated sequence 

o -►/£»-►...-► 4W^/SW^^»^o 

ICKCI(w) 
\K\I\=1 

for each w G I W. This complex can be rewritten as follows. We have Ip (w) = 
lndp w (Ip™(w)). Since the induction functor Indp^ is exact, it suffices to show the 
exactness of the sequence 

ICKCI(w) 
\K\I\=1 
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where Vg(w) = I%(w)/ Ek^i^w But we have J §H = ^r^H and 

rk ss (L„,) < rk ss (G). Thus the complex above is by induction hypothesis exact. Hence 
the claim of our theorem follows. □ 

As a byproduct of the proof we get the following result (Note that Vp^w) = 

igM.y. 

Corollary 4.3. For any dominant weight A G A + and any subset Jc A, there is an 
acyclic complex 

~> v%(\) Vg(A) VgH • • • Vg{w) -> V£Cw) 0. 

e(w)=i e(w)=t( I w)-i 

□ 

Example 4.4. Lei C7 = GL2 and A = 0. JTien = {1, s} and i/ie above complex is 
given by 

->■ v% ->■ yf -> if (s) ->■ 0. 

T/izs complex was already considered by Morita |Moj resp. Schneider and Teitelbaum 
[ST5J and coincides with the dual of the K-valued "de Rham" complex 

-> 0(X)/K -> fi 1 ^) -> #3r(*) -> 
0/ the Dnnfeld half space X = P 1 \ P X (L). 



Lemma 4.5. T7ie representation Vp(X) has a Jordan-Holder series of finite length. 

Proof. The representation Vp(X) is a quotient of Ip(A) which coincides by definition 
of the functor Tp with J r p(Mp(A)). As explained in Section 1, the latter object has 
a finite Jordan- Holder series, hence the same holds true for Vp (A). □ 

From the previous lemma we see that a Jordan- Holder series of Vjf(\) is induced 
by such a series of the induced representation Ip(A). Now we are able to give a 
receipt for the determination of the composition factors with respect to Vp. For two 
reflections w, w' in W, let m(w', w) G Z> be the multiplicity of the simple U(g)- 
module L(w ■ 0) in the Verma module M(w' • 0). It is known that m(w',w) > 1 if 
and only if w' < w for the Bruhat order < on W. These multiplicities numbers can 
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be computed using Kazhdan-Lusztig polynomials, as it was conjectured by Kazhdan 
and Lusztig in [KaLu, Conj. 1.5] and proved independently by Beilinson-Bernstein 
[BcBeJ and Brylinski-Kashiwara |BrKaj . Let's recall that if w G W is an element of 
the Weyl group, the support supp(w) of w is the set of simple reflections appearing 
in one (and so in any) reduced expression of w. In the following we identify the set 
of simple reflections with A. Then w G Wj if and only if supp(w) C I. 

Recall from the proof of Theorem 14.21 that we defined for every w G W a subset 
I(w) C A with w G I ^">W and that the subset I(w) is maximal with this property. 
On the other hand, by [Hum2, p. 186 — 187], the simple module L(w ■ A) lies in O p1 
if and only if w G I W. It follows that for w G W, the parabolic Lie Algebra pi( w ) is 
maximal for L(w ■ A). 

Theorem 4.6. § Fix w G W and let I = I(w) C A be as above. For a subset J C A 
with J G I, let be the generalized smooth Steinberg representation of Lp x . Then 
the multiplicity of the irreducible G -representation Fp^Liw ■ A),t>pp in V^f(A) is 

(4.3) (-1) £K)+|J| ™KH 

supp(iu') — J 

and we obtain in this way all the Jordan-Holder factors ofVp(X). Moreover, this 
multiplicity is non-zero if and only if J C supp(u>). In particular, the locally algebraic 
representation ^(A) is the only locally algebraic subquotient ofVp(X). 

Proof. By Theorem I4.2[ we get the following formula for the multiplicity of the simple 
object • A),wg) in V§ (A): 

Wb{^) '■ 3~pj(L(w ■ A),Vpp] = £(-l) |K| [/g,(A) :J%(L(w A),«g)]. 

KcA 

By definition we have Ip K (X) = Fp K (M K (X)). Since the Jordan- Holder series of 
Mk{X) lies in C^ig' as wen ' we deduce by by Theorem 13.61 and the discussion in 
Section 2 that K C / is a necessary condition for the non-vanishing of the expression 
[Ip K {\) : Fp^Hw ■ A),^)]. On the other hand, vp is a subquotient of ip 1 if and 
only if K C J. Again by Theorem 13.61 and Section 2, the term Fp^Liw ■ A),Up^) 
appears in Ip K (X) only if K C J. 

2 Note that as before there is the restriction that p > 2 if the root system of G contains a factor 
of type B, C, F 4 resp. p > 3 if a factor of type G2 occurs. 
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So, let K C J and consider the JH-component Q = L(w-X) of M K (\) in C a i g . Then 
Fp K (Q, 1) = J-p^Q, ip 1 ) by the PQ-formula. In a Jordan-Holder series of Fp^Q, ip' K ) 
the term -Fp^Q^Vp 1 ) appears with multiplicity one by Theorem 13. 6[ so that 

[/f K (A) : J%(L(w ■ A),«g)] = [M*(A) : • A)]. 

As a consequence, we have 

[Vg(\) :J%(L(w \),v%)] = Y,(-1) ]KI [Mk(\) :L(wX)]. 

KcJ 

Now we make use of the character formula 

chM^(A) = (-l)' K) chM(w' • A), 

w'&W K 

cf. |Hum2[ Proposition 9.6]. We obtain 

\yg{\):J%(L(w-\),v%)} = y £ i (-l)W Yl (-iy iw,) [M(w' ■ A) : L(w • A)] 

KcJ w'£W K 



^(-1)«[M(,'.A):%.A)] £ (-1) 

m'eW supp(to')C-ftTC J 



I A' | 



But the sum 



Y (-l) lKl = (1 - l)IAsupp(«/)l 
supp(io')cA"C J 

is non-zero if and only if supp(w/) = J, so we obtain the formula. The non- vanishing 
criterion follows from Corollary 15.31 in the appendix. □ 

Example 4.7. a) Let G = GL 3 , A = {« 1; a 2 }. Let Sj be the element of W corre- 
sponding to cti and abbreviate Pi = P{ ai }- I n this case, m(w',w) = 1 if and only if 
w' < w for the Bruhat order (cf. |Hum2} 8.3.(c)]J. As a consequence, we obtain the 
following Jordan-Holder factors all with multiplicity one : 

V B 

Tg(L(s 2 -0),v%),Tg(L( Sl -0),vZ) 
^(L( S2Sl ■ 0), 1), Fg(L(s 2Sl ■ 0), v%) 
Fp 2 (L(s iS2 • 0), 1), Fg(L( Sl s 2 • 0),^ 2 ) 
7f(L(sis 2 si.0),l). 

This particular result was already shown in |Schr] . 
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b) Let G = GL 4 . Here there are exactly two subquotients of Vg with multiplicity 
greater than one. We fix notation as follows. Let A = {0:1,0:2,03} such that s\ 
and S3 commute. We use the more compact notation Pi = P{ ai }, Pij = P{ ai ,aj}, 
= W^ ai ' aj ' etc. The two subquotients with multiplicity greater than one are 
then J-p 3 (-^(s 2 s 3 Sis 2 • 0),t>^ 1,3 ) and J-p 2 (L(sis 3 s 2 s s si • 0),Vp 2 ) and they have both 
multiplicity 2. The length of Vp is 50 and it contains 48 non-isomorphic Jordan- 
Holder components. Let us remark that this example also shows that Kazhdan-Lusztig 
multiplicities are the reason for unexpected components in Vp . For instance, the 
component J-p 2 (L(siS3S2SxS3 ■ 0, 1)) appears in Ip, but passing to Vp kills only one 
of its two occurrences in Ip. 

Here is the idea to carry out this computation. The number of components of the 

form (L(w ■ A, V) for a fixed w G W 1 with I = I(w) maximal and V a smooth 

irreducible subquotient ofi^ nB , is exactly the number of subsets of I nsupp(u>) , that is 
2 |/nsu PP (^ Letw i bethe 

subset of W 1 consisting of elements for which I is maximal, 
an easy computation shows that 

(4.4) |W/| = (-1) |J| |^ /UJ |= (-l) |J| |W|/|Wioj|. 

JCA\/ JcA\7 

If I = or I = A, then \W£\ = 1 and \I fl supp(w)| = 1. Furthermore, we compute 
easily that 

\W l ' 2 \ = \W 2 ' 3 \ = \W l \ = \W 3 \ = 3 
1 " p 1 1 ' ' p 1 1 ' ' p 1 1 " p 1 " 

|H^' 3 | = \W 2 \ = 5. 

We see for example that Wp' 2 = {s 3 , s 3 s 2 , s 3 s 2 si} so that |{1, 2} fl supp(w)| takes the 
values 0, 1 and 2 when w is varying in W p ' . This procedure gives us the cardinality 
of the composition factors appearing in Vp . As for the multiplicities, we can use 
a software package like CHE VIE flGHLMP] ) to see that the only simple modules 
L(w ■ 0) having multiplicities bigger than one in M (0) are given by w = s 2 sis 3 s 2 and 
w = s 1 s 3 s 2 s 1 s 3 . 

5. Appendix 

In this appendix, we prove the last assertion of Theorem 14.61 by interpreting the 
alternate sum ( 14. 3 p as the multiplicity of L(w ■ A) in the H of a subcomplex of the 
BGG complex. Then we show that the submodule of M(A) generated by the M{w • A) 
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with w a Coxeter element in Wj is a quotient of this H . We fix the same notation 
as before. 

Let A G X + and recall from Section 1 that the BGG resolution of L(X) = V(X) 
takes the form 

••■-). Ci(g) ^ CU( ) ^ ■ ■ ■ ^ C {g) -> L(X) 

with 

C 4 (fl)= M(wX). 

l(w)=i 

For each w G VK, fix a non zero injection M(w ■ X) M(A). This gives, for each 
u>' < w, a unique compatible injection z TO)U ,/ : M{w ■ X) M(w' ■ A). 

Let / be a subset of A. For i > 0, let Ci(g, I) C Ci(g) be defined by 

Ci(fl,/) := M(wA). 

As €i(Ci(Q,I)) C Ci_i(g,J), we obtain a subcomplex C.(g, J) of C,(g). Now we 
abbreviate Wj for the subset of Wj consisting of elements of length i. 

Lemma 5.1. The complex C,(g,I) is isomorphic to the complex U(g) ®u(pi) C»(U), 
hence it is exact in positive degrees. 

Proof. We can write ei\ Ci ( s ,i) = J2 Wl ,w 2 ^w^^u^ where the sum is over all wi G Wj 
and w 2 G Wj 1 ' 1 ^ such that w 2 < W\. By [RoJ Lemma 10.2 ] we have a 1 ^ for 
each such pair (wx,w 2 ). We fix injections U(lj) ®u(bnii) K w .\ £/((/) <8>u(bnii) ^A> 
w G Wj, giving rise to well defined maps 

i^w' '■ U (h) ®c/(bntj) Kw\ U(li) ®[/(6ni x ) Kw'-\ 

such that after applying {7(g) ®t%r) — , we have the equality id g) w , = z^,^. Now 
consider the complex C.(lj) where C.([j) = C,(lj) and where the differential maps 
are given by e 4 = £ Wl <^ eWl aj^z^, so that C.(fl,I) = U(g) ® u{Pl) C.(li). As 
the Bruhat order on Wj is induced by the Bruhat order of W, the squares (see \Ro\ 
Definition 10.3]) of W with elements in Wi are exactly the squares of Wi, so that 
C.([/) is a complex. By Corollary 10.7 or Lemma 10.5 of [Roj the complex C.(tj) is 
exact in positive degrees and even isomorphic to the BGG complex C.([j). □ 
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For every integer i > 0, let C^*($j, /) be the subcomplex of C.($j, /) defined by 

Cf(QJ)= M{w\) 

3JCI,\J\<i 
w€Wj ,i(w)—j 

and set C.(g,I) = C.(g, J)/C/.- |/hl ( S , I). 

Proposition 5.2. T/ie complex C^ 1 (q, I) is exact in degrees > i + 1 and £/ie complex 
C,(q,I) in degree > \I\ + 1. 



Proof. We will prove this proposition by induction on i. For i = 0, this is clear. Now 
we can apply induction hypothesis to the long exact sequence coming from the exact 
sequence of complexes 

(5.1) o^Cf- 1 ^/)^^^/)^ C.( ,J)^O. 



Jd, 



j\=i 



(Here we use the identity Wj x D Wj 2 = Wj in j 2 for the appearance of the direct sum. 



In the special case, where |/| = i, we can deduce from Lemma 15.11 that C,(g, I) is 
acyclic in strictly positive degrees, hence by induction that Hj(C 9 ($, /)) = for j > i. 
In general we can use (15. ip to deduce that Hj(C^ l (g, /)) = when j > i. □ 

Corollary 5.3. For I C A ; let Mi be the submodule of M(X) generated by the Verma 
modules M(w ■ A) where w is a Coxeter element in Wj. For w G W , we have 

(5.2) [Mj : L(w ■ A)] < (-1) |/|+£K) [M(w' ■ A) : L(w ■ A)]. 

supp(u>')=J 

Hence this sum is non-zero if and only if I C supp(w). 



Proof. As the complex C.(g,J) is exact in degree > |/| and Cj(g,I) = for j < \I\, 
it is sufficient to prove that Mj is a quotient of H\j\(C 9 (q, I)). Remark that M' = 
e |/|(©su PP («,)=/,^)=|/| M{w)) is a quotient of H^C^Q, I)). Then the image of M' 
by ^ sup p( to ) = / m w )=\ i\ ^ s exac tly M/, and we deduce the result. It is not difficult 
to see that there exists a Coxeter element w' of Wi such that w' < w if and only if 
/ C supp(u;). □ 
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